In view of the particular attention recently devoted to hindered rotations, we have tested reduced kinetic energy operators to study the torsional mode around the O-O bond for H 2 O 2 and for a series of its derivatives ͑HOOCl, HOOCN, HOOF, HOONO, HOOMe, HOOEt, MeOOMe, ClOOCl, FOOCl, FOOF, and FOONO͒, for which we had previously determined potential energy profiles along the dihedral ROORЈ angle ͓R , RЈ = H , F , Cl, CN , NO , Me ͑=CH 3 ͒, Et ͑=C 2 H 5 ͔͒. We have calculated level distributions as a function of temperature and partition functions for all systems. Specifically, for the H 2 O 2 system we have used two procedures for the reduction in the kinetic energy operator to that of a rigid-rotor-like one and the calculated partition functions are compared with previous work. Quantum partition functions are evaluated both by quantum level state sums and by simple classical approximations. A semiclassical approach, using a linear approximation of the classical path and a quadratic Feynman-Hibbs approximation of Feynman path integral, introduced in previous work and here applied to the torsional mode, is shown to greatly improve the classical approximations. Further improvement is obtained by the explicit introduction of the dependence of the moment of inertia from the torsional angle. These results permit one to discuss the characteristic time for chirality changes for the investigated molecules either by quantum mechanical tunneling ͑dominating at low temperatures͒ or by transition state theory ͑expected to provide an estimate of racemization rates in the high energy limit͒.
I. INTRODUCTION
A systematic quantum chemical investigation of molecules containing the peroxidic bond has been reported recently. [1] [2] [3] The emphasis was on the characterization of the torsional mode, which is responsible for the stereomutation, namely, the exchange between chiral enantiomers through the trans and cis barriers, a motivation being the understanding of the possible role of a collisional mechanism for such processes. 4 We also estimated torsional levels and their populations as a function of temperature.
Interest on the specific features of torsional modes has been renovated recently: See, for example, Refs. 5-10 for spectroscopic investigations of separation of internal and rotational motions. With respect to the calculation of partition functions, of relevance both for thermodynamical and reaction kinetic problems, see Refs. 11-16 and references therein. In this paper we compute the partition functions according to well established recipes by explicit use of the calculated torsional levels and also give a test for simple classical and semiclassical approximations. In the calculation of the classical partition function we found it important to consider a correction proposed in Refs. 17 and 18 which uses features of the linear approximation of the classical path ͑LCP͒ approach and the quadratic Feynman-Hibbs ͑QFH͒ approximation of the Feynman path integral.
For H 2 O 2 , two schemes are considered for the calculations of the levels, and while overall agreement is found with a recent paper, 14 advantages of using orthogonal vectors 1 and the explicit dependence of the effective moment of inertia on the dihedral angles are pointed out. Another important aspect of the calculation of the classical torsional partition function is the dependence of the moment of inertia on the geometrical parameters and of the dihedral angles. For discussions and calculations of the effective moment of inertia of molecules with internal rotation see, for example, Refs. 14 and 19 and references therein. In the present work we tested alternative expressions for the moment of inertia which can be considered as a constant only in a first approximation. However, a more general approach based on the kinetic energy operator takes into account the dependence from the dihedral angle. An additional case corresponds to the diatom-diatom approach using orthogonal vectors: In this case, the moment of inertia does not depend on the dihedral angle. We have verified that the explicit introduction of such a dependence on the dihedral angle improves the classical approximations for the torsional partition functions. Furthermore, the results presented is this paper allow us to characterize the racemization rates, namely, for the process of stereomutation 20, 21 between the two enantiomeric forms connected by torsion around the O-O bond. Computed level splittings provide the time for quantum mechanical tunneling, which is the mechanism responsible for the chirality changing process at low temperatures, while for high temperatures the time of racemization is estimated by transition state theory using the computed partition functions.
The scheme of the paper is as follows. In the next section, we report the methodology regarding the torsional level calculations. Section III reports the quantum, classical, and semiclassical formulas used to evaluate the torsional partition functions. Section IV presents calculated results and discussions, in particular, regarding racemization times. The last section contains further remarks and some conclusions.
II. TORSIONAL LEVELS
In previous articles [1] [2] [3] we have presented a systematic study by quantum mechanical methods of a series of molecules, corresponding to substitutions of one or both hydrogens in hydrogen peroxide. First we have studied the effects of the substitution by one or two alkyl groups ͑CH 3 OOH, C 2 H 5 OOH, and CH 3 OOCH 3 ͒, 2 by halogen atoms ͑HOOF, HOOCl, ClOOF, FOOF, and ClOOCl͒, and by NO and CN. 3 Data relevant to the present work are listed in Table I for the equilibrium cis and trans configurations. We have calculated the energy profiles along the torsional angle , ranging from 0°͑the cis configuration͒ to 180°͑the trans configuration͒ with a step of 1°optimizing the geometry at each angle. The resulting values are fitted to a cosine expansion
where k = 0 , 1 , 2 , . . .. The coefficients C k are obtained by a Newton-Raphson fitting to the calculated potential energy points and are given in Table II . An illustration of the distribution of levels obtained as described below is presented in Fig. 1 for the case of the HOOF molecule. References 1-3 provide further details.
A. Valence-type coordinates
The effective kinetic energy operator that we have employed for the calculation of energy levels is of the type used for example by Likar et al. 22 for the HOOR systems. We have applied it for general ROORЈ systems, where R and RЈ can be an atom or a group of atoms. Coordinates are described in Fig. 2 . Then the kinetic energy operator can be written in the Hermitian ͑self-adjoint͒ form 
with
where m O is the oxygen mass and are reduced masses. All the geometrical parameters are assumed to have their equilibrium values as given in Fig. 2 24 In the rigid-rotor-like kinetic operator ͑2͒ we have found it convenient to define an effective moment of inertia I as an explicit function of the torsional angle ,
The values of the ␣ 0 and ␣ 1 parameters are listed in Table I . These formulas are reasonable approximations provided that the variations in the other geometrical variables ͑bond lengths and bending angles͒ remain small as the dihedral angle varies. Therefore, for example, the cases of FOOF and ClOOF should be considered more closely regarding the role of R OO variation ͑see Ref. 3͒. The choice of the equilibrium value for R OO is appropriate for the low levels of relevance in this paper, but more accurate choices should be tested for the higher ones.
B. Orthogonal coordinates
For the H 2 O 2 system we can alternatively exploit an orthogonal set of coordinates that well describe the torsional mode around the center of mass of the two fragments OH; 1, 25 so the kinetic part of the Hamiltonian presents only the second derivative of the angle ⌽ ͑Fig. 3͒ that describes this motion, scaled by a coefficient that depends of the masses of hydrogen and oxygen atoms, and of the molecular geometry at the equilibrium ͑see Table I and Ref. 1͒. The torsional kinetic energy operator in orthogonal coordinates was given in a previous work, 2 where we also point out its advantages. It was obtained from the complete kinetic energy operator written in the diatom-diatom vector scheme ͓Eq. ͑23͒ of Ref. 25͔ and fixing all degrees of freedom except the dihedral angle ⌽; then
where OH is the reduced mass of the OH system and r OH is the distance that separates the two atoms. ⌰ is the angle obtained connecting the center of mass of the first OH frag- 
Eq. ͑7͒ can be written as 
C. Symmetry classes
In view of the symmetry of the torsional potential by reflection with respect to or ⌽ equal to both 0 and , corresponding to the two ͑cis and trans͒ planar configurations, the problem block diagonalizes in four symmetry classes ͑Floquet's theorem͒, denoted by the quantum label = 1 , 2 , 3 , 4. Levels within each symmetry classes are denoted by the quantum number n = 0 , 1 , 2 , . . .. Traditional basis sets in terms of sine and cosine functions were used, giving rise to secular equations, where the matrix elements are analytical integrals over trigonometric functions. So, for each quantum number n, there are the four well known Mathieu symmetries ͑ = 1 , 2 , 3 , 4͒ and the wave functions are correspondingly expanded in orthonormal trigonometric basis sets ͑see, e.g., Ref. 26͒.
III. TORSIONAL PARTITION FUNCTION

A. Quantum formulas
The level distribution as a function of temperature has been calculated and already illustrated for some of the systems considered here in Ref. 2 and 3 using the formula
where E n is the energy of the torsional state n and symmetry . As usual, ␤ = 1 / K B T, where K B is Boltzmann's constant and T is the temperature. The quantum mechanical torsional partition function Q q ͑T͒ can be evaluated at a given temperature from the energies of the levels 12,27
According to previous work ͑see, e.g., Ref. 14 and also Sec. V͒, only levels having symmetries = 1 and 4 ͑Ref. 26͒ are included.
B. Classical formulas
Several approximations for the torsional partition function for H 2 O 2 have been discussed and tested in Ref. 14. In fact, when the temperature is sufficiently high, it is known that the quantum partition function can be usefully approximated by the classical expression 14, 28, 29 ͑the T dependence is omitted from the notation for simplicity͒
where is an index number depending on the symmetric rotational group around the dihedral angle of the system, = 1 in our cases. Equation ͑13͒ implies that the torsional moment of inertia ͑Sec. II͒ assumes a constant ͑effective or average͒ value.
Here we examine and assess some improvements that do not spoil the basic requirement of simplicity of implementation.
In general, I is related to the value of ␣͑͒ according to Eq. ͑6͒. To calculate the moment of inertia from Eq. ͑6͒, as a first approximation we consider only the ␣ 0 term, neglecting ␣ 1 ; then
and expression ͑13͒ can be written as
However, accounting for the dependence of I and ␣ on leads to an improved approximation inserting the explicit functional dependence under the integral sign 
This expression provides a more general equation for the calculation of the classical partition function, which will be shown below to lead to more accurate results.
C. Semiclassical formulas
We have also calculated the partition function semiclassically using the formulation proposed in Refs. 17 and 18 ͑for a systematic discussion of alternatives, see Ref.
14͒. This method uses features of the LCP approach and the QFH approximation to the Feynman path integral. This LCP/QFH hybrid approach, which we denote by the superscript sc for "semiclassical," consists in using in Eqs. ͑13͒, ͑15͒, and ͑16͒, instead of V͑͒, the following effective potential:
where I is the moment of inertia. When I is calculated using only ␣ 0 , Eq. ͑15͒, we have an approximation that we denote Q ␣ 0 sc , while using Eq. ͑6͒, which accounts for the dihedral angle dependence, we have the approximation that we denote as Q ␣ sc . In particular, for H 2 O 2 , when I is calculated using Eq. ͑10͒, we have the approximation that we denote as Q ort sc .
IV. RESULTS AND DISCUSSION
To provide the torsional potential curves we have calculated the coefficients of expansion ͑1͒ for maximum k equal 6 for all systems ͑HOOH, HOOCl, HOOCN, HOOF, HOONO, HOOMe, HOOEt, MeOOMe, ClOOCl, FOOCl, and FOONO͒ except FOOF where k up to 8 was needed in order to minimize the root mean square ͑rms͒ deviation
where V 0 is the potential energy calculated by quantum mechanical methods and V is the fitted potential at the dihedral angle i . Data from Refs. 2 and 3 were used. The total number N was determined by the available grid points, which are spaced by 1°, in all cases, except for HOOH, 2,3 where the spacing was 10°. The coefficients of expansion ͑1͒ are shown in Table II .
In the following we discuss the effects of the substituents on the potential energy profile along the torsional mode. The structural parameters and cis and trans barriers for all systems that we have considered are shown in Table I .
A. Hydrogen peroxide
In a previous article on H 2 O 2 , 2 we have presented the calculated torsional levels corresponding to both the geometrical ͑valence-type͒ and orthogonal ͑diatom-diatom͒ dihedral angles ͑Fig. 2͒ and ⌽ ͑Fig. 3͒, respectively. The results from the two procedures are similar. In particular, to study the statistical thermodynamics of torsional modes we have calculated their temperature distributions and the torsional partition functions. Obviously in the orthogonal method, since there is a well defined expression for the moment of inertia, which is a constant as the torsional angle varies, the calculation is reliable also for the delocalized levels above the trans barriers. Table III shows the level distributions as a function of the temperature for the H 2 O 2 system, evaluated by the orthogonal method ͑diatom-diatom approach͒.
In Table IV we list the torsional partition function at different temperatures for the H 2 O 2 system. Q ort q and Q ort c are the quantum and classical partition functions using the diatom-diatom approach. Q ort q and Q q are calculated using Eq. ͑12͒ directly from the levels of the symmetries = 1 and = 4 ͑see Sec. III A for this choice and also the remarks in Sec. V͒. Q ort c is calculated using Eqs. ͑10͒ and ͑13͒. For Q ␣ 0 c we use Eq. ͑15͒ and for Q ␣ c we use Eq. ͑16͒. Finally Q ␣ sc and Q ␣ 0 sc are calculated using the semiclassical or LCP/QFH approach described in Sec. III C. This approach turns out to be extremely accurate even at surprisingly low temperatures ͑see Table V and additional materials available from the authors͒.
B. Other systems
The features of the distribution of the torsional levels depend on the potential energy profile ͑trans and cis barriers͒ and of the masses of the atoms ͑moment of inertia͒.
Looking at the results for the other systems, one notes that the lowest levels, one for each of the four symmetries, 26 are nearly degenerate, n = 0, = 1 , 2 , 3 , 4, as shown in Figs. 1 and 4. This is particularly true when barriers ͑particularly the trans͒ are high and wide, so that tunneling is negligible, as in Fig. 1 . Increasing n, this behavior persists under the lowest ͑trans͒ barrier, in proximity of which the degeneracy between the first two symmetries ͑ = 1 and 2͒ and the other two ͑ = 3 and 4͒ is removed; in systems such as HOOCN the two barriers are distant in energy and this effect is particularly visible, see levels ͑1,1͒, ͑1,2͒, ͑1,3͒, and ͑1,4͒, in Fig. 4 . Going up with energy the levels encounter the higher ͑cis͒ barrier and here the effect on the symmetry is different. The energy of the first symmetry increases more slowly than the others, so that in the high energy limit it becomes degenerate with the fourth symmetry of the previous layer; at the same time, the levels with = 2 and 3 symmetries become degenerate. For energies close to the two barrier tops we notice an accumulation of states, typical of the nonharmonicity of the potentials. Figure 1 exhibits the case of HOOF, where the cis and trans barriers are approximately of the same height and the behavior of the energy level sequence for the four symmetries is peculiar. Another limiting case is illustrated in Fig. 5 , where the trans barrier is absent, but also applies when the trans barrier is so low that because of the masses involved no levels are supported under it. The methyl and the ethyl monosubstituted systems belong to this case. 3 For the levels of these systems, degeneracy is appreciably removed even for the lowest levels.
In Table VI we report the partition functions at various temperatures for the HOOCl, HOOCN, HOOF, and HOONO systems. In Table VII there are the partition functions at various temperatures for the ClOOCl, FOOCl, FOOF, and FOONO molecules. In Table VIII we list the partition functions at various temperatures for the HOOMe, MeOOMe, and HOOEt systems. Q q are calculated using Eq. ͑12͒ directly as before using the levels of symmetries = 1 and = 4 only. For Q ␣ 0 c we use Eq. ͑15͒ and for Q ␣ c we use Eq. ͑16͒, obtaining a substantial improvement.
C. Intramolecular chirality changing rates
As an important application of the results of previous sections, Table IX shows the tunneling splittings and racemization times for some of the investigated systems in the spirit of Fehrensen et al. 21 The tunneling time is calculated directly from the level splitting of the symmetries = 1 and = 4 using the two level equation and the Heisenberg uncertainty principle,
This can be interpreted as a racemization time at very low temperatures where only the ground state is populated. In the opposite limit of high temperatures the racemization time is modeled as occurring by passage over the trans barrier using system. Q ort q and Q ort c are the quantum and classical partition functions using the diatom-diatom approach. Q ort q and Q q are calculated using Eq. ͑12͒ directly from the levels of the symmetries = 1 and = 4. Q ort c is calculated using Eqs. ͑10͒ and ͑13͒. Q ␣ 0 c uses Eq. ͑15͒ and Q ␣ c uses Eq. ͑16͒. Q sc is calculated using the LCP/QFH approach. 
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transition state theory with no tunneling correction
where E trans is the trans barrier height ͑generally lower than the cis in the cases considered here, Table I͒ , k B the Boltzmann constant, and Q q ͑T͒ the partition function for the torsional mode, as given in Sec. III, Eq. ͑12͒.
V. FURTHER REMARKS AND CONCLUSIONS
In this work we exploited recently obtained torsional potential energy profiles for a series of ROORЈ molecules to obtain torsional level distributions and partition functions as a function of temperature in order to provide a phenomenology of cases of qualitatively different profiles and barrier heights. Of the schemes investigated, the orthogonal set of coordinates is satisfactory for H 2 O 2 , but it is not obvious how to implement it in the general cases. Explicit consideration of the variation in the moment of inertia, suggested within the classical approximation, has been shown to extend the validity of the latter to lower temperatures. Further substantial improvement is obtained by the semiclassical approach of Sec. III C, denoted as LCP/QFH in Refs. 17 and 18.
An extensive investigation similar to this one but for the -S-S-bond, in the H 2 S 2 and in a series of its derivatives, illustrates the trends of properties of interest here: Torsional barriers are in general higher than those encountered for the -O-O-bonds, with the specific consequence, for example, of lowering intramolecular racemization rates.
Additional remarks point out perspectives for future work. In the calculation of partition functions, we followed previous work ͑see, for example, Ref. 14͒, introducing only levels with symmetry quantum numbers = 1 and 4, consistently with the assumption that the total rotational angular Fig. 4 for MeOOMe ͑labels n, omitted͒.
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The torsional mode around O-O bonds J. Chem. Phys. 129, 154316 ͑2008͒ momentum contribution is separated out from the torsional mode. Interestingly, very recent attention has been devoted to the case of two coupled rigid rotors of different moments of inertia. 6, 30 The system considered in Ref. 6 is HOSH, and the problem is that of the torsion around the -O-S-bond.
For the cases where the two moments of inertia are equal, conservation of both energy and angular momentum for a system viewed as involving either torsion plus external rotation or interaction of two rotors requires correlation of levels with symmetries = 1 and 4 with zero or even values of the external rotation angular momentum quantum number K in units of ប ͑see focus in this paper, this issue would arise for cases such as HOOR or ROORЈ, but for them the removal of the energy degeneracy among levels under barriers is small, and moreover the influence on the partition functions calculated not including levels with = 2 and 3 becomes fully negligible. However, this may not be always the case and the full picture of separation of torsional modes in intramolecular dynamics still requires further investigation. Besides the intramolecular chirality changing processes considered in this paper, alternative collisional mechanisms involve explicit consideration of intermolecular effects. 31 Modeling of these latter phenomena so far rarely investigated in the literature requires classical, semiclassical, or quantum scattering calculations. See Ref. 32 for a study of the H 2 O 2 -rare gas systems, a prototype of atom-flexible molecule interactions. 
